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Let ∞ be a ﬁxed place of a global function ﬁeld k. Let E be
an elliptic curve deﬁned over k which has split multiplicative
reduction at ∞ and ﬁx a modular parametrization ΦE : X0(N) → E .
Let P1, . . . , Pr ∈ E(k) be Heegner points associated to the rings of
integers of distinct quadratic “imaginary” ﬁelds K1, . . . , Kr over
(k,∞). We prove that if the “prime-to-2p” part of the ideal
class numbers of ring of integers of K1, . . . , Kr are larger than
a constant C = C(E,ΦE ) depending only on E and ΦE , then the
points P1, . . . , Pr are independent in E(k)/Etors. Moreover, when
k is rational, we show that there are inﬁnitely many imaginary
quadratic ﬁelds for which the prime-to-2p part of the class
numbers are larger than C .
© 2010 Elsevier Inc. All rights reserved.
0. Introduction
Let k be a global function ﬁeld with ﬁnite constant ﬁeld Fq , where q is a power of prime p.
Let E be an elliptic curve deﬁned over k with transcendental j-invariant (called “non-iso-trivial”).
Then, replacing k by a ﬁnite extension if necessary, we can choose a place ∞ of k such that E
has multiplicative reduction at ∞. By the works of Deligne, Drinfeld, Jacquet-Langlands, Weil, and
Zarhin, one knows that every elliptic curve E/k with split multiplicative reduction at ∞ has a Drinfeld
modular parametrization deﬁned over k:
Φ : X0(N) −→ E,
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leads to Drinfeld–Heegner points (Heegner points for short) on E as explicitly constructed algebraic
points. Each such Heegner point is associated to an order inside an imaginary quadratic extension K
of (k,∞). One can vary the imaginary quadratic function ﬁelds K , or vary the orders, to get a whole
lot of Heegner points on E . Thus arises the question of independence among these Heegner points
on E .
In this note, we consider only Heegner points associated to the maximal order of K with respect
to ∞. Our aim is to show that under a mild class number condition, and assuming E is non-iso-trivial,
a suitable set of such Heegner points on E has maximal rank in E(k)/Etors. We brieﬂy state our main
theorem here and refer the reader to Sections 1 and 2 for deﬁnitions and to Section 3 for a more
precise statement.
Theorem1. Let E/k be an elliptic curve which has split multiplicative reduction at∞ andwith a givenmodular
parametrization ΦE . There is a constant C = C(E,ΦE ) so that the following is true.
Let K1, . . . , Kr be distinct quadratic imaginary ﬁelds over (k,∞) satisfying “Heegner condition” (which is
deﬁned in Section 1) and OKi the ring of integers of Ki over (k,∞) with class number hi for each i. Suppose
the class numbers satisfy
h(2p)i  C for all 1 i  r,
where h(2p) denotes the “prime-to-2p” part of the integer h. Let P1, . . . , Pr be Heegner points associated to
OK1 , . . . ,OKr , respectively. Then
P1, . . . , Pr are independent in E(k)/Etors.
This theorem is an analogue of the result on independence of Heegner points for elliptic curves
over Q without complex multiplications given in Rosen and Silverman [9]. Indeed our proof follows
similar steps as in that paper, with SL2 replacing GL2, and Igusa’s theorem on Galois image replacing
Serre’s theorem on the Galois image.
Given Heegner points P1, . . . , Pr as in our theorem. Each point Pi is deﬁned over a ﬁeld Hi coming
from class ﬁeld theory over an imaginary quadratic function ﬁeld Ki over (k,∞). It turns out that
each Hi is strongly linearly disjoint from the compositum of all the other H j (Proposition 5.4). This
phenomenon is common to both Heegner points associated to distinct imaginary quadratic number
ﬁeld and Heegner points associated to distinct imaginary quadratic function ﬁelds. This is in fact
the reason d’etre for the independence of the collection of “horizontal” Heegner points in questions
(compare with [1]).
In the last section we restrict to the case in which the base ﬁeld k = Fq(t). We show that there
are inﬁnitely many quadratic imaginary ﬁelds over Fq(t) with suﬃciently large prime-to-2p part of
class number which satisfy the Heegner condition for a given level N . For the odd characteristic case,
we consider the quadratic ﬁelds of the form Fq(t,
√
D ) where D = n2 − Ng , n ∈ Fq[t], g positive odd
integer, p  g . Cardon and Murty [2] show that when D is square-free, the class number of Fq(t,
√
D )
is divisible by g . Moreover, using certain lemmas and inequalities in [2] we prove that there are
inﬁnitely many pair (g,n) such that D = n2 − Ng is square-free. For the even characteristic case, we
construct explicit samples to explain that there are inﬁnitely many quadratic ﬁelds over Fq(t) which
are what we want.
The main theorem also naturally leads one to discuss the density of the set of quadratic imaginary
ﬁelds K satisfying h(2p)K < C for a given constant C . We expect, after further works, that the density
of the set of quadratic imaginary ﬁelds K satisfying h(2p)K  C for a given constant C is zero, which is
similar to the result of K. Soundararajan [10]. If this is so, the main theorem holds for most choices
of imaginary quadratic ﬁelds.
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k: a global function ﬁeld with constant ﬁeld Fq , char(k) = p.
k: a ﬁxed algebraic closure of k.
∞: a ﬁxed place of k.
A: the ring of functions in k which are regular outside ∞.
N: a ﬁxed ideal in A.
hA: the ideal class number of A.
HA: the Hilbert class ﬁeld of A, i.e., the maximal abelian extension of k which is unramiﬁed every-
where and splits completely at ∞.
k∞: the completion of k at the inﬁnite place ∞.
C∞: the completion of an algebraic closure of k∞ containing k.
Ω: C∞ − k∞, the Drinfeld upper half plane with its standard rigid analytic structure.
Ω∗: Ω ∪ P1(k).
K : an “imaginary” quadratic extension of (k,∞), i.e., K/k is separable and non-split at ∞.
We also use ∞ to denote the place of K above ∞ of k.
OK : the integral closure of A in K .
HOK : the Hilbert class ﬁeld of OK .
1. CM-points on modular curves X0(N)
As the literature already contains excellent expositions of the theory of Drinfeld modular curves,
we only recall here certain results and notations that we will need, and refer the reader to [3] or [8]
for further details.
Drinfeld modules and isogenies. Let π∞ be a uniformizer at ∞ in k, κ(∞) be the residue ﬁeld of
the place ∞, q∞ = #(κ(∞)), | · |∞ be the absolute value on k corresponding to ∞ with |π∞|∞ = q∞ ,
and “deg” be the degree map at ∞ such that qdeg(a) = |a|∞ for all a ∈ k.
Given an A-ﬁeld L (a ﬁeld L together with a ring homomorphism ι : A → L). A Drinfeld A-module
φ of rank r over L is an Fq-algebra homomorphism
φ : A −→ EndFq (Ga/L) ∼= L{τ },
a 	−→ φa =
∑
aiτ
i
such that a0 = ι(a), degτ (φa) = r deg(a) (here τ is the Frobenius endomorphism x 	→ xq and L{τ } is
the twisted polynomial ring with τa = aqτ for all a ∈ L). Let φ and φ′ be Drinfeld A-modules over L.
A morphism f : φ → φ′ over L is an element in L{τ } such that
f φa = φ′a f
for all a ∈ A. A morphism f is called an isogeny if f = 0. We say φ and φ′ are isogenous if there exists
an isogeny f : φ → φ′ . It is known that φ and φ′ have the same rank if they are isogenous. Instead
of L, one can also consider Drinfeld A-modules over any given A-scheme.
Analytic theory. Let Λ be an A-lattice in C∞ of rank r. Put
eΛ(z) = z
∏
0 =λ∈Λ
(
1− z
λ
)
.
There exists a Drinfeld A-module φΛ over C∞ of rank r such that the following diagram commutes:
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a(·)
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eΛ
a(·)
C∞
φΛa
0
0 Λ C∞
eΛ
C∞ 0
This association Λ 	→ φΛ (by Drinfeld) deﬁnes a bijection between homothety classes of A-lattices in
C∞ of rank r and isomorphism classes of Drinfeld A-modules over C∞ of rank r. Moreover, we have
canonically
Hom
(
φΛ,φΛ
′)∼= {c ∈ C∞ : cΛ ⊂ Λ′}.
Modular curves X0(N). Let M0(N) be the coarse moduli scheme of isomorphism classes of triples
(φ,φ′, f ) where φ and φ′ are rank 2 Drinfeld A-modules and f : φ → φ′ is an isogeny with ker( f ) ∼=
A/N. It is well known that M0(N) is an aﬃne A-scheme and Y0(N) := M0(N) ×A k is an aﬃne
algebraic curve over k.
Note that Y0(N)(C∞) is analytically isomorphic to disjoint union of Γi\Ω for certain arithmetic
groups Γi , 1  i  hA , where hA is the ideal class number of A. Each piece Γi\Ω ∼= CΓi (C∞) where
CΓi is an aﬃne smooth curve deﬁned over HA . Moreover, the compactiﬁcation of Y0(N)(C∞) is ana-
lytically isomorphic to X0(N)(C∞), where X0(N) is a projective smooth model of Y0(N).
CM-points associated to OK . Let K be an imaginary quadratic extension of (k,∞). Let OK be the
integral closure of A in K . Note that OK is the ring of functions in K which are regular outside ∞
(since K/k is non-split at ∞, we use the same notation for the place of K lying above ∞ of k). Let
Drin(N)(OK ) be the set of isomorphism classes of triples (φ,φ′, f ) in M0(N) such that
End(φ) ∼= End(φ′)∼= OK .
Let CM(N)(OK ) be the set of points in Y0(N)(C∞) corresponding to the triples (φ,φ′, f ) in
Drin(N)(OK ). The points in CM(N)(OK ) are called CM-points of X0(N) associated to OK . The exis-
tence of such points is ensured by:
Proposition 1.1. Assume that the discriminant of OK over A is prime to N. Then the set CM(N)(OK ) is
nonempty if and only if every prime dividing N splits in K .
Proof. Suppose every prime dividing N splits in K . Then we can choose an ideal n of OK such that
OK /n ∼= A/N.
Choose any ideal a of OK . Then a and n−1a are rank-two A-lattices in C∞ (here we consider K as
a subﬁeld in C∞). Let φ and φ′ be rank-two Drinfeld modules associated to a and n−1a respectively
and f : φ → φ′ be the isogeny associated to the map
C∞/a −→ C∞/n−1a.
Then (φ,φ′, f ) ∈ Drin(N)(OK ) and hence CM(N)(OK ) is nonempty.
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be lattices in C∞ corresponding to φ and φ′ respectively, Λ ⊂ Λ′ , and Λ′/Λ is isomorphic to A/N
as A-modules. Since End(φ) ∼= End(φ′) ∼= O K , Λ and Λ′ are projective O K -modules of rank 1. Hence
Λ′/Λ ∼= I ′/I for some ideals I ⊂ I ′ ⊂ O K . Consider n = I−1 I ′ ⊂ OK and then
OK /n ∼= I ′/I ∼= A/N
as A-modules. It follows that every prime dividing N must split in K as the discriminant of OK over
A is prime to N. 
We say that K satisﬁes the Heegner condition for N if every prime dividing N splits in K . Note that
the points of CM(N)(OK ) are in one-to-one correspondence with the set of pairs
{
(n,a): a ∈ Pic(OK ),n is an OK -ideal, OK /n ∼= A/NA
}
,
where Pic(OK ) is the ideal class group of OK . Moreover, we have the following result.
Proposition 1.2. Suppose K satisﬁes the Heegner condition for N and let y ∈ CM(N)(OK ). Then
K (y) = HOK ,
where HOK is the Hilbert class ﬁeld of OK .
Proof. It is known that y is deﬁned over HOK (cf. [4]). On the other hand, in terms of pairs (n,a),
we have a natural action of Pic(OK ) on CM(N) which we denote by ∗:
b ∗ (n,a) = (n,ab−1).
Note that given an ideal b ⊂ OK , we have
y(b,HOK /K ) = b ∗ y,
where (b, HOK /K ) is the Artin symbol (cf. [5], Theorem 10.8). Hence we have that the full set of
Galois conjugates of y is given by
{
yσ : σ ∈ Gal(HOK /K )
}= {(n,ab−1) : b ∈ Pic(OK )}
= {(n,b): b ∈ Pic(OK )}.
The points (n,b) are distinct for distinct b ∈ Pic(OK ). Therefore
[HOK : K ]
[
K (y) : K ]= #{yσ : σ ∈ Gal(HOK /K )} #Pic(OK ).
Since [HOK : K ] = #Pic(OK ), all of the inequalities above are equalities, which proves that K (y) =
HOK . 
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Let E/k be an elliptic curve which has split multiplicative reduction at ∞. The conductor of E
may be written as N∞, where N is an ideal in A. Then, by the works of Deligne, Drinfeld (and Weil,
Grothendieck, Jacquet-Langlands, Deligne and Zarhin) we have a modular parametrization
ΦE : X0(N) −→ E,
which is deﬁned over k (cf. [3], Section 8).
The set
{
ΦE(y): y ∈ CM(N)(OK )
}
is called the set of Heegner points of E associated to OK .
To estimate [K (y) : K (ΦE (y))], we need the following proposition.
Proposition 2.1. Let ψ : S → T be a ﬁnite map of algebraic curves deﬁned over a ﬁeld F , and let s ∈ S(F )
where F is an algebraic closure of F and t = ψ(s). Suppose F (s)/F is separable. Then
[
F (s) : F (t)] degψ and hence [F (s) : F ] [F (t) : F ] · degψ.
Corollary 2.2. Suppose K satisﬁes the Heegner condition for N and let y ∈ CM(N)(OK ). Then we have
[
K (y) : K (ΦE(y))] degΦE and [HK : K ] [K (ΦE(y)) : K ] · degΦE .
3. The independence of Heegner points
Let N(n) denote the “prime-to-n” part of N for positive integer N . In this section we introduce our
main result.
Theorem 3.1. Let E/k be an elliptic curve of conductor N∞ with split multiplicative reduction at ∞. Let
ΦE : X0(N) −→ E
be a modular parametrization of E. There is a constant C = C(E,ΦE ) so that the following is true.
Suppose that the following are given:
K1, . . . , Kr: distinct quadratic imaginary ﬁelds over (k,∞) satisfying the Heegner condition for N.
h1, . . . ,hr: the ideal class numbers of OK1 , . . . ,OKr .
y1, . . . , yr: points yi ∈ CM(N)(OKi ).
P1, . . . , Pr: the associated Heegner points, P i = ΦE (yi).
Assume further that the class numbers satisfy
h(2p)i  C for all 1 i  r.
Then P1, . . . , Pr are independent in E(k)/Etors .
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n1P1 + · · · + nr Pr = 0 with ni ∈ Z not all 0.
There exists m 0 such that
pm
(
n′1P1 + · · · + n′r Pr
)= 0
where n′i is not divisible by p for some i (assume i = r). We have
n′1P1 + · · · + n′r Pr = Q
where Q ∈ E[pm]. Since E/k is a non-iso-trivial elliptic curve, we have
E
[
pm
]∼= Z/pmZ.
Choose m to be minimal such that Q generates E[pm]. So k(Q )/k is a normal extension and there is
a natural injection
Gal
(
k(Q )/k
)
↪→ Aut(Z/pmZ)∼= (Z/pmZ)∗.
Hence [k(Q ) : k](p) | (p − 1).
In order to prove this theorem it suﬃces to ﬁnd an upper bound for h(2p)r .
Let Hi be the Hilbert class ﬁeld of OKi . From Corollary 2.2 we have
h(2p)r = #
(
Pic(OKr )
)(2p)
= [Hr : Kr](2p)
= [Hr : Kr(Pr)](2p) · [Kr(Pr) : Kr](2p)
 (degΦE)
[
Kr(Pr) : Kr
](2p)
.
Claim I. [Kr(Pr) : Kr] divides M[Kr(n′r Pr) : Kr], where the constant M = M(E/k) is independent of Pr
and n′r (you will see the proof in Section 4).
Next we let k′ = k(Q ), K ′i = Ki(Q ), H ′i = Hi(Q ). Note that each point Pi ∈ E(Hi), so the assumed
linear dependence tells us that
n′r Pr = −
∑
i<r
n′i P i + Q ∈ E
(∏
i<r
H ′i
)
.
Thus
K ′r
(
n′r Pr
)⊂ H ′r ∩ K ′r∏
i<r
H ′i,
from which we conclude that [K ′r(n′r Pr) : K ′r] divides [H ′r ∩ K ′r
∏
i<r H
′
i : K ′r].
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∏
i<r H
′
i : K ′r](2p) divides h(2p)A (p − 1)(2) where hA is the ideal class number of A
(you will see the proof in Section 5).
Hence we have
[
K ′r
(
n′r Pr
) : K ′r](2p) ∣∣ h(2p)A (p − 1)(2).
Note that
[
Kr
(
n′r Pr
) : Kr] ∣∣ [K ′r(n′r Pr) : K ′r] · [K ′r : Kr] and [K ′r : Kr](2p) ∣∣ (p − 1)(2),
so [Kr(n′r Pr) : Kr](2p) | h(2p)A ((p − 1)2)(2) .
Finally, by Claims I and II we obtain
h(2p)r  (degΦE)
[
Kr(Pr) : Kr
](2p)  (degΦE)M ′
where M ′ = (hAM)(2p)((p − 1)2)(2) .
So choose C = (degΦE )M ′ + 1 and the theorem holds. 
4. Proof of Claim I
In order to prove Claim I, we need to use the following estimate.
Proposition 4.1. Suppose that the following quantities are given:
n: a positive integer.
V : a free Z/nZ module of rank 2.
Γ : a subgroup of SL(V ) ∼= SL2(Z/nZ).
W : a Γ -invariant Z/nZ-submodule of V , i.e., Γ W = W.
Let
I(Γ ) = (SL(V ) : Γ )= the index of Γ in SL(V ).
Suppose that the action of Γ on W is abelian. Then
|W | I(Γ )4.
Proof. We only need to consider the case when n = e for some prime  and e ∈ N. By the standard
structure theorem on modules over PIDs we can ﬁnd a basis for V so that
V ∼= Z
eZ
× Z
eZ
and W ∼= 
iZ
eZ
× 
i+ jZ
eZ
with i, j  0 and i + j  e.
Identify Γ with a subgroup of SL2(Z/eZ). The condition that Γ W = W implies that every matrix( a b
c d
) ∈ Γ satisﬁes c ≡ 0 (mod  j). Deﬁne
J =min
{
ord(c)
∣∣∣ (a b
c d
)
∈ Γ
}
.
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Γ ⊂
{(
a b
c d
)
∈ SL2
(
Z/eZ
) ∣∣∣ c ≡ 0 (mod  J )} .
Case 1. i + J < e.
Let
A =
(
a b
 J c d
)
∈ Γ with c ≡ 0 (mod ).
We ﬁx the matrix A and consider another matrix B ∈ Γ .
Since   c and the action of Γ on W is abelian, by doing some algebra (cf. [9], Proposition 8) one
can show that every B ∈ Γ satisﬁes
B ≡ xI + yA (mod e−i− J ) for some x, y ∈ Z/e−i− JZ,
i.e., every B ∈ Γ has the form
B = xI + yA + e−i− J Z with
{
x, y ∈ Z/e−i− JZ, and
Z ∈Mat2
(
Z/i+ JZ
)
.
Since det(B) ≡ 1 (mod e), we have at most 3(i+ J ) choices for Z when x, y have been chosen, and
we cannot have |x and |y. So
|Γ | (#(x, y)) · (#(Z)) 2(e−i− J ) · (1− −2) · 3(i+ J ) = 2e+i+ J · (1− −2).
Note that |SL2(Z/eZ)| = 3e(1− −2), so we obtain a lower bound for the index
I(Γ ) e−i− J .
If J = 0, then
I(Γ )2  2e−2i  2e−2i− j = |W |.
Suppose J > 0. Recall we have
Γ ⊂
{(
a b
c d
)
∈ SL2
(
Z/eZ
) ∣∣∣ c ≡ 0 (mod  J )} .
Therefore |Γ | 3e− J (1− −1) and I(Γ )  J (1+ −1).
Combining the two inequalities above we have
I(Γ )2 = I(Γ ) · I(Γ ) (e−i− J ) · ( J (1+ −1))= e−i(1+ −1) e−i .
Hence
I(Γ )4  2e−2i  2e−2i− j = |W |.
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If J = 0, then i = e and so |W | = 1, I(Γ ) |W |.
Suppose J > 0. Since I(Γ )  J (1+ −1), we have
I(Γ )2  2 J  2e−2i  2e−2i− j = |W |.
This completes the proof of the proposition. 
Since an elliptic curve with split multiplicative reduction at ∞ is “non-iso-trivial”, i.e., the j-
invariant of E is transcendental over Fq , we can prove the following theorem and Claim I is a
consequence.
Theorem 4.2. Let E/k be a non-iso trivial elliptic curve. There is an integer M = M(E/k,d) so that for any
ﬁeld F and any P ∈ E(k) satisfying
[F : k] d, F (P )/F is abelian,
the following estimate is true:
[
F (P ) : F ] divides M[F (nP ) : F ] for all n 1 with (p,n) = 1.
Proof. Fix an integer n 1 which is prime to p. It suﬃces to ﬁnd a bound of the form
[
F (P ) : F (nP )] C = C(E/k,d).
Then we can take M to equal the least common multiple of the integers less then C .
Consider the following set of points in E ,
S(P ,n) = {P τσ − P τ : σ ∈ Gal(F (P ) : F (nP )), τ ∈ Gal(F (P ) : F )}.
Then (cf. [9] Theorem 11) we have:
1. S(P ,n) ⊂ E[n] ∩ E(F (P )).
2. S(P ,n) is Gal(F (P )/F -invariant.
3. |S(P ,n)| [F (P ) : F (nP )].
We set the following notations:
V : E[n] ∼= (Z/nZ)2 (since p  n).
SL(V ): SL(E[n]) ∼= SL2(Z/nZ).
W : (Z-span of S(P ,n)) ⊂ V .
Γ (F ): Image(Gal(k/F ) → Aut(V ))∩ SL(V ).
By Proposition 4.1 we get |W | I(Γ (F ))4.
Let Γ (k) = Image(Gal(k/k) → Aut(V ))∩ SL(V ). Clearly Γ (F ) ⊂ Γ (k), and we have
I
(
Γ (F )
)= I(Γ (k)) · (Γ (k) : Γ (F )) I(Γ (k)) · d
since [F : k] d. Hence we obtain that |W | d4 I(Γ (k))4.
We now recall Igusa’s theorem (cf. [6], Theorem 3) on the image of -adic representations attached
to elliptic curves over function ﬁelds.
2552 F.-T. Wei, J. Yu / Journal of Number Theory 130 (2010) 2542–2560Theorem 4.3. Let E/k be a non-iso trivial elliptic curve. For any prime  which is prime to p, let
ρ : Gal(k/k) −→ Aut
(
T(E)
)
be the -adic representation attached to E/k.
(a) The image of ρ contains an open subgroup of SL2(Z) for all .
(b) The image of ρ contains SL2(Z) for almost all .
So there exists a constant C1(E/k) > 0 which is depend only on E/k such that
I
(
Γ (k)
)
 C1(E/k),
and hence we obtain the estimate
[
F (P ) : F (nP )] ∣∣S(P ,n)∣∣ |W | d4 · I(Γ (k))4  d4 · C1(E/k)4.
This completes the proof of Theorem 4.2. 
Remark 4.4. The constant C1(E/k) actually depends only on the degree [k,Fp( jE)], where jE is the
j-invariant of E . We refer the reader to [6] for further details.
5. Proof of Claim II
In this section we set the following notations:
L/k: Galois extension with group Gal(L/k) = (Z/2Z)t .
OL: integral closure of A in L.
HOL : the Hilbert class ﬁeld of OL , i.e., the maximal unramiﬁed abelian extension of L
which splits completely at all the inﬁnite places.
L1, . . . , LN : the distinct quadratic subﬁelds of L, N = 2t − 1.
OL1 , . . . ,OLN : integral closures of A in Li , respectively.
H1, . . . , HN : the Hilbert class ﬁelds of OL1 , . . . ,OLN , respectively.
Remark 5.1. Let UL = L× ·∏v|∞ L×v ·∏v∞ O×L,v an open subgroup of I(L) where I(L) is the idele
group of L, Lv is the completion of L at the place v , O
×
L,v is the group of units in the discrete
valuation ring of Lv . Then
I(L)/UL ∼= Pic(OL).
By class ﬁeld theory HOL is the ﬁeld associated to the open subgroup UL and so Gal(HOL /L) is
isomorphic to Pic(OL) via the Artin map. Similarly for Hi .
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Pic(OL)
id
Artin
Pic(OL)
Norm
Artin
Pic(OLi )
Artin
Gal(HOL/L)
Res
Gal(LHi/L)
Res
Gal(Hi/Li).
Moreover, we have the following proposition.
Proposition 5.2. The natural restriction maps
Gal(HOL/L) −→ Gal(H1 · · · HN/L) −→
N∏
i=1
Gal(Hi/Li)
induce isomorphisms
Gal(HOL/HAL)
(2) ∼= Gal(H1 · · · HN/HAL)(2) ∼=
N∏
i=1
Gal(Hi/HALi)
(2),
where HA is the Hilbert class ﬁeld of A and G(2) is the odd-part of G for a ﬁnite abelian group G.
Proof. The proof is similar to the classical case in [9], Proposition 16. Here we just sketch main steps.
Note that Pic(OL) is Gal(L/k) module and Pic(OLi ) is Gal(Li/k) module for each i. We have the
isomorphism
Pic(OL)(2)
(Pic(OL)(2))Gal(L/k)
Norm
∼
N⊕
i=1
(Pic(OL)(2))Gal(L/Li)
(Pic(OL)(2))Gal(L/k)
.
Moreover, the natural maps Pic(OLi ) → Pic(OL) and Pic(A) → Pic(OL) induce
Pic(OLi )(2) ∼=
(
Pic(OL)(2)
)Gal(L/Li)
, Pic(A)(2) ∼= (Pic(OL)(2))Gal(L/k).
Therefore we have
Pic(OL)(2)
Pic(A)(2)
Norm
∼
N⊕
i=1
(Pic(OLi )(2))
(Pic(A)(2))
.
From the following map
Gal(HOL/HAL) −→ Gal(HOL/L)
Artin
∼ Pic(OL) −→
Pic(OL)
Pic(A)
we get
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(2) ∼= Pic(OL)
(2)
Pic(A)(2)
and similarly,
Gal(Hi/HALi)
(2) ∼= Pic(OLi )
(2)
Pic(A)(2)
.
Combine these results the proposition holds. 
In order to prove the Claim II, we also need the following elementary result whose proof is omitted
here.
Proposition 5.3. (Cf. [9], Proposition 15.) Let F1, . . . , Fr be Galois extensions of a ﬁeld F . Then
r∏
i=1
[Fi : F ] = [F1 · · · Fr : F ]
r∏
i=2
[
Fi ∩ (F1 · · · Fi−1) : F
]
.
Combining these we have the following result and Claim II holds.
Proposition 5.4. With the notations as set above, let F/k be a ﬁnite extension with [F : k](2p) | B for some
positive integer B. Let L′i = Li F , L′ = LF , H ′i = Hi F , H ′L = HL F . Then for every 2 i  N we have
[
H ′i ∩ L′i
∏
j<i
H ′j : L′i
](2p) ∣∣∣ Bh(2p)A
where hA is the ideal class number of A.
Proof. Note that we have
N∏
i=1
[
L′H ′i : HAL′
]= [H ′1 · · · H ′N : HAL′]
N∏
i=2
[
L′H ′i ∩
(
L′H ′1 · · · H ′i−1
) : HAL′]
by applying Proposition 5.3 to the base ﬁeld HAL′ . Since [F : k](2p) | B , we have
[LHi : HAL](2p) = ai ·
[
L′H ′i : HAL′
](2p)
and [H1 · · · HN : HAL](2p) = b ·
[
H ′1 · · · H ′N : HAL′
](2p)
for some ai,b | B . Hence
b ·
N∏
i=1
[LHi : HAL](2p) =
(
N∏
i=1
ai
)
· [H1 · · · HN : HAL](2p)
N∏
i=2
[
L′H ′i ∩
(
L′H ′1 · · · H ′i−1
) : HAL′](2p).
Since L/Li has degree a power of 2, [LHi : HAL](2p) = [Hi : HALi](2p) for all i and so
b ·
N∏
[Hi : HALi](2p) =
(
N∏
ai
)
· [H1 · · · HN : HAL](2p)
N∏[
L′H ′i ∩
(
L′H ′1 · · · H ′i−1
) : HAL′](2p).
i=1 i=1 i=2
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Gal(HOL/HAL)
(2) ∼= Gal(H1 · · · HN/HAL)(2) ∼=
N∏
i=1
Gal(Hi/HALi)
(2),
are isomorphisms by Proposition 5.2 and so we obtain
b =
(
N∏
i=1
ai
)
·
N∏
i=2
[
L′H ′i ∩
(
L′H ′1 · · · H ′i−1
) : HAL′](2p).
Since L/Li has degree a power of 2, we have
[
H ′i ∩
(
L′i H
′
1 · · · H ′i−1
) : HAL′i](2p) divides [L′H ′i ∩ (L′H ′1 · · · H ′i−1) : HAL′](2p)
and hence
N∏
i=2
[
H ′i ∩
(
L′i H
′
1 · · · H ′i−1
) : HAL′i](2p) divides b.
Therefore
[
H ′i ∩
(
L′i H
′
1 · · · H ′i−1
) : L′i]= [H ′i ∩ (L′i H ′1 · · · H ′i−1) : HAL′i][HAL′i : L′i] ∣∣ bh(2p)A .
Note that b | B and so the proposition holds. 
Remark 5.5. Consider the case F = k in the above proposition. Then up to extensions of 2-power
degree, the Hilbert class ﬁelds Hi are maximally disjoint. More precisely,
Proposition 5.6.With the notations as set above, for every 2 i  N, we have
[
Hi ∩ Li
∏
ji
H j : Li
](2)
= [HALi : Li](2) = h(2)A .
6. Existence of large prime-to-2p part of class number
The analogue of the Brauer–Siegel theorem for function ﬁelds (cf. [7], Section 2, Theorem 2) tells
us that
lim
m/g→0
lnh
g lnq
= 1,
where g is the genus of a function ﬁeld K with constant ﬁeld Fq , h is the divisor class number
of K , and m is the gonality of K , that is, the minimum integer such that there exists x ∈ K with
[K : Fq(x)] =m. Hence when m is bounded, the class number will grows up when the genus increases.
Here we need to know the behavior of the prime-to-2p part of the class numbers. In this section
we assume the ground ﬁeld k = Fq(t) and A = Fq[t]. We will show that given a monic polynomial
N and a constant C , there are inﬁnitely many quadratic imaginary ﬁelds whose prime-to-2p part of
class numbers are larger than C and satisfy Heegner condition for N .
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the Heegner condition for N ′ where N ′|N . Hence we only need to consider the case when the degree
of N is odd.
Odd characteristic case. When q is odd, from [2] we have the following lemma.
Lemma 6.1. (Cf. [2], Section 3, Lemma 1.) Let g be a positive integer  3. Assume n,m ∈ Fq[t] are monic,
−a ∈ F×q is not a square, deg(mg) > deg(n2), and D = n2 − amg is squarefree. Then the ideal class group for
Fq[t,
√
D ] has an element of order g.
Proof (Sketch). Since amg =n2−D = (n+√D )(n−√D ), we have the ideal (m)g = (n+√D )(n−√D ).
Note that the ideals (n + √D ) and (n − √D ) are relatively prime. Hence we have (n + √D ) = ag for
some ideal a. Taking norms we ﬁnd that
N(a) = qdeg(m).
Suppose that ar = (u + v√D ) for some r < g , u, v ∈ Fq[t]. Then
N(a)r = N(u + v√D ) = qdeg(u2−v2D).
Since the leading coeﬃcient of v2D is not a square, we have
N(a)r  qdeg(D) = qdeg(n2−amg) = qdeg(mg) = N(a)g .
This is a contradiction unless r = g . 
Remark 6.2. 1. When deg(mg) is odd, the lemma holds for all a in F×q .
2. When q  5, there are  q( 12+ 1g ) quadratic extensions Fq(t,
√
D ) with deg   whose class
group has an element of order g . We refer the reader to [2] for further details.
Given N ∈ Fq[t] which is monic and degN is odd. Consider D = n2 − Ng , where g is a positive
odd integer which is prime to p, and n ∈ Fq[t]. Suppose D is square-free. By the lemma and the
remark above, the ideal class group for Fq(t,
√
D ) has an element of order g . Hence the prime-to-
2p part of the class number of Fq(t,
√
D ) is larger than C for g  C . Note that the discriminant of
Fq[t,
√
D ]/Fq[t] is (D), which is prime to N and every prime dividing N is split in Fq(t,
√
D ). Hence
Fq(t,
√
D ) satisﬁes the Heegner condition for N (by Proposition 1.1).
Now, the question is: for a given polynomial m, are there inﬁnitely many D = n2 −mg which are
square-free? This is true when the degree of m is odd by the following proposition.
Proposition 6.3. Given a monic polynomial m ∈ Fq[t], deg(m) = j is odd. Then for inﬁnitely many odd inte-
gers g, there exists a monic polynomial n with degree i = ( jg − 1)/2 such that n2 −mg is square-free.
Proof. Let s(h) be 1 or 0 according as h is square-free or not. Also let
sz(h) =
{
1, if d2 does not divide h whenever 1 deg(d) z,
0, otherwise.
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#
{
distinct square-free values of n2 −mg} ∑
deg(n)=i
s
(
n2 −mg)

∑
deg(n)=i
{
sz
(
n2 −mg)− ∑
r irr., deg(r)>z, r2|n2−mg
1
}
.
Let
Nm,z(i) =
∑
deg(n)=i
sz
(
n2 −mg)
and let
ρm(h) = #
{
n ∈ Fq[t]/(h): n2 −mg ≡ 0 mod (h)
}
.
To prove this proposition, we need the following lemmas.
Lemma 6.4. (Cf. [2], Section 4, Lemma 4.)
(1) ρm(d1d2) = ρm(d1)ρm(d2) if d1 and d2 are coprime.
(2) ρm(r2) = qdeg(r) if r is irreducible and r divides m.
(3) ρm(r2) 2 if r is irreducible and r does not divide m.
(4) ρm(d2)  2ν(d)qdeg(m) for square-free d where ν(d) is the number of distinct monic irreducible polyno-
mials of degree  1 that divide d.
Lemma 6.5. (Cf. [2], Section 4, Lemma 5.) Given any  > 0 we can choose κ (independently of m) so that if
z = κ log( j) then
Nm,z(i) = qi
∏
r irr.,deg(r)z
(
1− ρm
(
r2
)
q−deg(r2)
)+ O (q(1+) j).
Let r be an irreducible polynomial. Consider
Mm,r(i) =
∑
deg(n)=i,n2−mg≡0(r2)
1.
According to the proof in [2], Section 4, Lemma 8, we have the following inequality.
Lemma 6.6.
∑
z<deg(r)i
Mm,r(i) 
∑
z<deg(r)i, rm
2
(
max
{
qi−deg(r2),1
})+ ∑
z<deg(r)i, r|m
qi−deg(r)
 q
i−z
z
+ q
i
i
+ ν(m)qi−z.
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∏
deg(r)z
(
1− ρm
(
r2
)
q−deg(r2)
) = ∏
deg(r)z, r|m
(
1− ρm
(
r2
)
q−deg(r)
) ∏
deg(r)z, rm
(
1− ρm
(
r2
)
q−deg(r2)
)

∏
deg(r)z, r|m
(
1− q−deg(r))∏
all r
(
1− 2q−deg(r2))

∏
r|m
(
1− q−deg(r)).
Combine these estimations we obtain that there exist constants C1, C2, C3 such that
∑
deg(n)=i
{
sz
(
n2 −mg)− ∑
r irr.,deg(r)>z, r2|n2−mg
1
}
= Nm,z(i)−
∑
z<deg(r)i
Mm,r(i)

(
C1 · qi
∏
r|m
(
1− q−deg(r))− C2 · q2 j
)
− C3 ·
(
qi−z
z
+ q
i
i
+ ν(m)qi−z
)
where  = 1, z = κ log( j).
Since
∏
r|m′ (1− q−deg(r)) =
∏
r|m(1− q−deg(r)) and ν(m′) = ν(m) where m′ =m for any odd inte-
ger , let g′ = g , z′ = κ log( j), and i′ = (g′ j−1)2 we have
∑
deg(n)=i′
{
sz′
(
n2 −mg′)− ∑
r irr.,deg(r)>z′, r2|n2−mg′
1
}
=
∑
deg(n)=i′
{
sz′
(
n2 − (m′)g)− ∑
r irr.,deg(r)>z′, r2|n2−(m′)g
1
}
= Nm′,z′
(
i′
)− ∑
z′<deg(r)i′
Mm′,r
(
i′
)

(
C1 · qi′
∏
r|m
(
1− q−deg(r))− C2 · q2 j
)
− C3 ·
(
qi
′−z′
z′
+ q
i′
i′
+ ν(m)qi′−z′
)
,
which is greater than 1 when  and g are suﬃciently large. Hence there exist n with degree i′ such
that n2 −mg′ is square-free and so the proposition holds. 
According to the proposition above, we have that given a monic polynomial m and a positive
number C , there are inﬁnitely many imaginary quadratic ﬁelds which satisfy the Heegner condition
for level m and the prim-to-2p part of class number is larger than C .
Even characteristic case. When q is even, consider imaginary quadratic ﬁeld which is of the form
Fq(t,α), where α2 + α + D = 0 for some D ∈ Fq[t]. Note that the integral closure of Fq[t] in Fq(t,α)
is Fq[t,α]. Similar to the odd characteristic case, we have the following lemma.
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the ideal class group for Fq[t,α] where α2 + α + D = 0 has an element of order g.
Proof. Note that Fq(t,α) is imaginary quadratic. Since (m)g = (α)(α + 1) and (α), (α + 1) are rela-
tively prime, we have
(α) = ag
for some ideal a and N(a) = qdeg(m) .
Suppose that ar = (u + vα) for some r < g , u, v ∈ Fq[t]. Then
N(a)r = N(u + vα) = qdeg(u2+uv+v2mg).
Since deg(mg) is odd, we have deg(u2 + uv + v2mg)  deg(mg) and so N(a)r  N(a)g . This is a
contradiction unless r = g . 
Given a monic polynomial m ∈ Fq[t] with odd degree. Let αg be an element in Fq(t), the algebraic
closure of Fq(t), which satisﬁes α2g + αg + mg = 0. Suppose Fq(t,αg1 ) = Fq(t,αg2 ) where g1 = g2.
Then we have αg1 = u + vαg2 for some u, v ∈ Fq[t] since αg1 is integral over Fq[t]. Then
mg1 = u2 + v2α2g2 + u + vαg2 .
Therefore v2α2g2 + vαg2 ∈ Fq[t] ⊂ Fq(t). Note that α2g2 = αg2 +mg2 , we have
(
v2 + v)αg2 ∈ Fq[t].
Hence v = 1 and so mg1 = u2 + u +mg2 . Since g1 and g2 are positive odd integers, we get a contra-
diction unless g1 = g2.
Note that the discriminant of Fq[t,αg]/Fq[t] is 1, and every prime dividing m is split in Fq(t,αg).
Hence Fq(t,αg) satisﬁes the Heegner condition for m (by Proposition 1.1) for every odd integer g > 1.
Therefore, given a monic polynomial N and a positive number C , there are inﬁnitely many imagi-
nary quadratic ﬁelds which satisfy the Heegner condition for level N and the odd part of class number
is larger than C .
Asymptotic behavior. Suppose A = Fq[t], F = Fq(t). For each positive integer X , let
D(X) = {D ∈ Fq[t] is monic and square-free with 0 deg(D) X}.
The density of this set is
lim
X→∞
|D(X)|
qX
= 1
ζA(2)
,
where ζA(s) is the zeta function of A:
ζA(s) =
∏
monic irr. p(t)
(
1− 1
qdeg p(t)·s
)−1
.
Suppose q is odd. In view of our main theorem (Theorem 3.1), it would be interested to discuss
the growth rate of
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D ∈ D(X): h(2p)D  C
}
as X → ∞. Here we need to consider the prime-to-2p part of the class number, instead of odd part
in the number ﬁeld case. We expect that there is an analogue of Soundararajan’s result (cf. [10]).
Fix a constant C . Then
#
({
D ∈ D(X): h(2p)  C}) qX (log X)6
X
.
If this is so, then the density of the set of quadratic imaginary ﬁelds K satisfying h(2p)K  C for
a given constant C is zero. Therefore the main theorem is true for most of the imaginary quadratic
ﬁelds which satisfy Heegner condition.
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